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I. Introduction
Recently, theoretical work has shown that in sufficiently rich scattering environments, multiple-input multiple-output (MIMO) systems hold the potential for tremendous spectral efficiency improvements [1] . On the other hand, the orthogonal frequency division multiplexing (OFDM) technique is widely used in high-data-rate wireless communication systems due to its high spectrum efficiency and tolerance of intersymbolinterference [2] - [4] . The MIMO-OFDM system has attracted significant worldwide research efforts.
Under the assumption that channel state information (CSI) is available at the transmitter, the performance of MIMO systems can be significantly improved with precoding techniques [5] - [8] . The well-known singular value decomposition (SVD)-based precoding technique [5] , [6] can be used for channel diagonalization, whereas the QR decomposition (QRD)/ geometric mean decomposition (GMD)-based precoding schemes [7] , [8] are used for channel trigonalization.
Conventional precoding schemes [5] - [8] are mostly proposed for narrow-band MIMO systems with flat-fading. These schemes are not suitable for MIMO-OFDM systems with frequency selective fading. It is neither possible nor necessary to compute one precoder for each subcarrier. The use of a single precoder for multiple continuous subcarriers is preferable.
Precoding with limited feedback has attracted significant attention in the past decade, for example, the vector quantization codebook-based scheme [9] , the Grassmannian codebook-based scheme [10] , [11] , the interpolation based scheme [12] , and the householder rotation-based scheme [13] . These schemes require sophisticated quantization to minimize information loss [14] . The complexity and feedback overhead of precoding in MIMO-OFDM systems can be further reduced.
A wideband precoding (WBP) scheme is presented in [14] , [15] , where only one precoder is used for all subcarriers in the MIMO-OFDM system. The precoder is obtained from the subcarrier independent channel matrix which is constructed through the temporal channel vectors. The CSI feedback overhead can be significantly reduced if the number of subcarriers is large.
In this paper, we point out that the WBP scheme in [14] , [15] is suitable only when a single user is allocated with all subcarriers in the system. In practical OFDM systems, the number of available subcarriers is usually smaller than the discrete Fourier transform (DFT) size [3] , [4] . Additionally, in the orthogonal frequency division multiple access (OFDMA) based cellular systems [3] , all available subcarriers are allocated to multiple users according to their past and current channel gains [16] . The conventional WBP scheme in [14] , [15] is not suitable for these scenarios, especially when the subcarriers allocated to a particular user are not continuous. Thus, improved WBP schemes for arbitrary subcarrier grouping are highly desirable.
The relationship between the subcarrier independent channel matrix and the temporal/frequency channel matrices is studied in this paper. Then, we propose an improved WBP scheme with arbitrary subcarrier grouping where a user is allocated with only part of all the subcarriers. The proposed scheme is shown to outperform the conventional WBP scheme, and performs similarly as the exhaustive optimum precoding scheme. Additionally, the improved WBP scheme includes the conventional one and narrow-band precoding schemes as its degraded modes. Simulation results validate the advantage of the proposed scheme. The advantage of the improved WBP scheme can be more significant if the group size is small or the subcarriers are not continuous.
The remainder of this paper is organized as follows. The system model is described in section II. The conventional WBP scheme is reviewed in section III and the improved WBP scheme is presented in section IV. Simulation results are given in section V. Finally, section VI concludes this paper.
Notation. A

T , A
H , and A -1 denote the transpose, conjugatetranspose, and pseudoinverse of matrix A, respectively. I n and 0 m, n denote the n×n identity matrix and the m×n all-zero matrix, respectively. Mathematical expectation is denoted by ( ) E ⋅ , and ⊗ denotes the Kronecker product of two matrices. The vector space of all m×n complex matrices is denoted by n m× . The largest integral smaller than x is denoted by x ⎢ ⎥ ⎣ ⎦ .
II. System Model
We consider the MIMO-OFDM system with a DFT size of Fig. 1 . Illustration of MIMO system over n-th subcarrier.
N and L input spatial streams. N T and N R antennas are equipped at the transmitter and receiver,
and the maximum path delay is assumed to be shorter than the length of the cyclic prefix (CP). The equivalent MIMO system over the n-th subcarrier can be written as
where
are the transmitted and received signal vectors, respectively; z n is the additive white Gaussian noise at the receiver,
is the frequency MIMO channel matrix over the n-th subcarrier.
The equivalent MIMO system is also illustrated in Fig. 1 , where d n,i is the modulated symbol of the i-th spatial data stream over the n-th subcarrier,
is the data vector before precoding. It is assumed that
F n is the precoder over the n-th subcarrier, and x n =F n d n . As described in [14] , [15] , H n in (1) can also be denoted by the temporal channels.
, p q l h is the temporal channel of the l-th tap between the p-th transmit antenna and the q-th receive antenna, {0,1, , 1},
N f denotes the channel order determined by the following equation
where max τ is the maximum path delay, and Δt is the temporal sampling interval. The temporal channel vector between the p-th transmit antenna and the q-th receive antenna can be written as
Using (4), H n can be written in terms of h p,q as in [14] , [15] T
III. Wideband Precoding
In the conventional narrow-band precoding scheme, if CSI is known at the transmitter, the optimum precoder over the n-th subcarrier can be achieved with the SVD of H n [10] , [11] , [14] H ,
A WBP scheme is presented in [14] , [15] , where only one precoder is used for all subcarriers. In this way, the CSI feedback overhead can be significantly reduced.
Equation (5) can be rewritten as
is the subcarrier independent channel matrix. The SVD of H is calculated at the receiver as [14] , [15] H . = H UΣV (11) The first L-th singular vectors are used as the precoder, that is,
In (12), V can also be obtained with the eigenvalue decomposition of H H H. The linear zero-forcing (ZF) equalizer is assumed to be employed in this study for simplicity.
We assume that all subcarriers are employed ( {0,1, , 1} n N ∈ − ). As mentioned before, this assumption is not valid for practical OFDMA systems. To overcome these difficulties, we propose an improved WBP scheme with arbitrary subcarrier grouping in the following section.
IV. Wideband Precoding with Arbitrary Subcarrier Grouping
An alternative explanation of the WBP scheme in [14] , [15] is given in this section. Firstly, we investigate the relationship between the subcarrier independent channel matrix H and the temporal/frequency MIMO channel matrices. The temporal MIMO channel matrix of the i-th tap is constructed by , { } l p q h as follows:
1,
The relationship between H and the temporal MIMO channel matrices
can be summarized as
That is, the covariance matrix of the subcarrier independent channel is the sum of the covariance matrices of the temporal MIMO channel matrices. The proof of (14) is straightforward, and thus we omit its details for brevity. Proposition 1. The relationship between H and the frequency MIMO channel matrices {H n } is given by 
That is, the covariance matrix of the subcarrier independent channel is the average of the covariance matrices of the frequency MIMO channel matrices.
Proof: According to (9), we have
The elements in matrix * T n n w w have the same modulus but different angles as 
is the phase offset matrix satisfying According to (16) and (20), (15) is proved.
As shown in proposition 1, the precoder in (12) is obtained from the average covariance matrix of the frequency MIMO channels over all the N subcarriers. Hence, it can be considered as an average choice for precoding through N subcarriers. However, the number of available subcarriers is usually smaller than the DFT size N in practical systems. For example, in the third generation partnership project (3GPP) long term evolution (LTE) system [2] , [3] with a bandwidth of 10 MHz, 600 subcarriers are used while the DFT size is 1,024. Besides, in OFDMA systems, all available subcarriers are allocated to multiple users. Conventional WBP schemes can be further improved if a user is allocated with a set of subcarriers. For special scenarios where only one subcarrier is allocated to the user, for example, the n-th subcarrier, H is so different from H n that the conventional WBP scheme is much worse than the optimum precoder given in (8) .
Proposition 1 motivates us to propose an improved WBP scheme, where the precoder is calculated by the averaged covariance matrix of the channel matrices over the subcarriers that are allocated to the user. It is assumed that the user is allocated with a subcarrier group: {0,1, , 1} n N ∈ ⊂ − S . We define the average covariance matrix as
where S is the number of subcarriers in S . The eigenvalue decomposition of R S is carried out at the receiver as
where E is constructed with the eigenvectors of , R S and Π is a diagonal matrix with the descendingly sorted eigenvalues of R S . The precoder for S is constructed of the first L eigenvectors of :
Similar to the conventional WBP scheme in (10) to (12), only one precoder is required for the improved scheme. Thus, the CSI feedback overhead of the improved WBP scheme is the same as the conventional one in [14] , [15] . Note that if only one subcarrier is allocated to the user, for example, { } n = S , the precoder in (23) degrades to the conventional narrow-band precoder in (8) . Hence, the improved WBP scheme includes the conventional narrow-band precoding scheme and the conventional WBP scheme in [14] , [15] ( {0,1, , 1} N = − S ) as special degraded modes. Similarly, QRD/GMD can also be utilized in the improved WBP scheme.
If a small number of subcarriers are allocated to the user, the conventional WBP scheme cannot utilize the subcarrier group information, whereas the improved one is able to make use of the information for the precoding design as shown in (21). Intuitively, the improved WBP scheme outperforms the conventional one if the size of subcarrier group is small and H H H is quite different from R S . These properties will be verified by the simulations in section V.
As shown in (21), subcarrier group information is required both at both the transmitter and the receiver. Thus, additional signaling overhead between the transmitter and receiver is inevitable in OFDMA systems with the use of subcarrier scheduling even if the improved WBP scheme is not in use. For example, in the 3GPP LTE downlink system, subcarrier allocation information belonging to each user is transmitted through the so-called physical downlink control channel which occupies the first three OFDM symbols of each subframe [3] . However, the proposed improved WBP scheme does not require additional signaling overhead in OFDMA systems.
Compared (21) to (23) with (10) to (12), the proposed WBP scheme slightly increases the computational complexity of the receiver. Once the subcarriers are allocated to the user, the group relative matrix can be calculated as ( )
Then, it can be used until the subcarrier allocation is changed. The decompositions in (22) and (11) 
V. Simulation Results
Our simulation parameters for performance evaluation are listed in Table 1 . The ergodic capacity and bit error rate (BER) are adopted as the performance metrics. The system ergodic capacity is defined as [17] , [18] 
Number of data streams (L) 1, 2, 3
Channel model Pedestrian B in [19] N f 4
MS speed 3 km/h
Modulation Binary phase-shift keying (BPSK)
where , n i γ is the post-SNR of the i-th data stream over the n-th subcarrier after ZF equalization. Some reference schemes are also evaluated for purpose of performance comparison. The precoder with exhaustive search is used as the performance upper bound. A vast number of unit vectors/unitary matrices are randomly generated and the one with the optimum capacity/BER performance is selected according to
and
The precoder with exhaustive search is denoted by "ESP" in the sequel. Note that the results of (26) and (27) are different.
Three subcarrier groups are considered in simulations: i) 3 S since the number of allocated subcarriers is small and the matrix in (24) is far from a scaled identity matrix. The improved WBP scheme outperforms its conventional counterpart for any subcarrier grouping. The simulation results will validate the analytical conclusion drawn in the preceding section. The capacity and BER performance comparison with N T =N R =2 and 1 S is shown in Fig. 2 . The precoder is a 2×1 vector, which makes exhaustive search possible. 1,000 vectors are randomly generated at each subframe to find the optimum precoder defined in (26) or (27). With the increase of N T , exhaustive search grows in prohibitive complexity, so that the results of ESP cannot be shown in Figs. 3 to 5.
Similar ergodic capacities for the three precoding schemes can be observed in Fig. 2 . Since only half of the subcarriers are allocated to the user, the improved WBP scheme performs closely to the optimum ESP scheme and outperforms the conventional WBP scheme by 0.2 dB as shown in Fig. 2(a) where the curves with the circle and upper triangle symbols are almost overlapped. The differences in the BER among the three schemes are noticeable in Fig. 2(b) . The improved WBP scheme outperforms the conventional one by about 0.7 dB at BER=10 -3 . More antennas at the transmitter and receiver are considered 
in Figs. 3 to 5 with the three subcarrier groups. The improved WBP scheme achieves a better performance than the conventional one for any subcarrier grouping and number of data streams. Since only half of the subcarriers are allocated to the user with 1 S , and the frequency independent channel matrix in (10) cannot represent the frequency channels of the first N/2 subcarriers. In Fig. 3(a) , the improvement between the two schemes becomes noticeable when L is large. The observation of Fig. 3(b) is contrary since the BER performance with large L is worse than that with a small number of data streams. The improved WBP scheme outperforms the conventional one by about 0.5 dB in the average SNR at C=8.0 bits/channel use and L=3. This is observed in Fig. 3(a) . The largest improvement in the SNR in Fig. 3(b) is about 0.6 dB for BER=10 -4 with L=1.
Similar observations can be obtained from Figs. 4 and 5. With 2 S , the subcarriers are not continuous and the group relative matrix in (24) is close to a scaled identity matrix, so that the frequency independent channel H can be approximately used to compute the precoder. The conventional and improved WBP schemes perform similarly as shown in Fig. 4 . The advantage of the improved WBP scheme is more evident for 3 S as shown in Fig. 5 , since the size of 3 S is smaller than those of 1 S and 2 S . The largest distance between the two curves shown in Fig. 5(b) is about 2.1 dB.
According to the simulation results, the proposed WBP scheme achieves near optimum capacity and BER performance. Additionally, it outperforms the conventional WBP scheme for arbitrary subcarrier grouping. The performance difference becomes noticeable when a small number of continuous subcarriers are allocated to the user.
VI. Conclusion
WBP with one precoder for all subcarriers allocated to users in the MIMO-OFDM system is investigated in this paper. The conventional WBP scheme is shown to be feasible only when all subcarriers are allocated to a particular user. The relationship between the subcarrier independent channel matrix and the temporal/frequency channel matrices is derived. Then, an improved WBP scheme with arbitrary subcarrier grouping is proposed, which includes the conventional WBP and narrowband precoding schemes as special degraded modes. Simulation results verify that the improved WBP scheme achieves near optimum capacity and BER performance and outperforms the conventional WBP scheme, especially when the allocated subcarriers are located within a small bandwidth.
